


Сһар{ег 13 
LIMITS AND DERIVATIVES 


13.1 Overview 
13.1.1 Limits of a function 


Let f be a function defined in a domain which we take to be an interval, say, I. We shall 
study the concept of limit of f at a point ‘a’ in I. 


Wesay lim f(x) is the expected value of f at x = a given the values of f near to the 
xoa 

left of a. This value is called the left hand limit of f at a. 

We say Tun ДОУ is the expected value of f at x = a given the values of f near to the 


right of a. This value is called the right hand limit of f at a. 
If the right and left hand limits coincide, we call the common value as the limit of f at 


x = a and denote it by lim f(x). 
Some properties of limits 


Let f and g be two functions such that both lim f(x) and lim g(x) exist. Then 
@ lim [f(x) + g(a)]= lim f(x) + lim g(x) 
Gi) lim [f (x) - gQ)]- lim f(x) - lim g(x) 
(ш) For every real number a 
lim (о) (х) = @ lim f(x) 
Gv) lim LF) C9] = [lim /(х) lim ()] 


тоу) 


lim (х) n lim g(x) ° provided g (x) # 0 





18/04/18 


226 | EXEMPLAR PROBLEMS - MATHEMATICS 


Limits of polynomials and rational functions 


If fis a polynomial function, then lim f(x) exists and is given by 
xa 


lim f(x) = f (a) 
xa 
An Important limit 


An important limit which is very useful and used in the sequel is given below: 


n n 
E X —aà 20 
lim = па" 
хәа Х-4 





Remark The above expression remains valid for any rational number provided ‘a’ is 
positive. 


Limits of trigonometric functions 


To evaluate the limits of trigonometric functions, we shall make use of the following 
limits which are given below: 


. sinx : ‚ж. 
0) n -] (ii) lim соз х=] (iii) lim Sp 9-0 
13.1.2 Derivatives Suppose f is a real valued function, then 


sog Раж) Ра) 
Ро) = s M 


n .. (1) 
is called the derivative of f at x, provided the limit on the R.H.S. of (1) exists. 


Algebra of derivative of functions Since the very definition of derivatives involve 
limits in a rather direct fashion, we expect the rules of derivatives to follow closely that 
of limits as given below: 


Let f and g be two functions such that their derivatives are defined in а common 
domain. Then : 


(i) Derivative of the sum of two function is the sum of the derivatives of the functions. 


d d d 
qe 209| =7, /о)+—-г0) 


(ii) Derivative of the difference of two functions is the difference of the derivatives 
of the functions. 


d d d 
a VO 7 8] = /0)-—-г0) 
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(ш) Derivative of the product of two functions is given by the following product 


rule. 


d 
[лод 809] = 2700 -8@t fo: 


а 
me 


This is referred to as Leibnitz Rule for the product of two functions. 




















(iv) Derivative of quotient of two functions is given by the following quotient rule 
(wherever the denominator is non-zero). 
d d 
d f(x) 4/0 «go - Py 4,20? 
ay = 2 
шах (g(x) 
13.2 Solved Examples 
Short Answer Type 
: 2(2х-3 
Example 1 Evaluate lim 5 ёл 3 ) 
x2 x—-2 х —3x +2x 
Solution We have 
. 1 2(2x — 3) А 1 2(2x —3) 
lim 3 2 Е lim == 
хә2 х—-2 у -3х +2х 7 хә2 x—-2 x(x-D(x-2 


= lim 
x2 


— lim 
x2 


x22 


= lim 
x2 


х(х-1-2(2х-3) 








x(x —1)(х— 2) 

Xx 5:46 
x(x-D(x-2) 
(x-2)(x-3) 
a-ha- 5-999 
х-3 -1 
х(х-1) "Ug 
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Example 2 Evaluate lim 
x 


B*x-42 


Solution Put y = 2 + х so that when x > 0, у > 2. Then 


1 1 


| = 292 
2+х у? _ lim? 2 
х 


yo2 у—2 





lim 
x0 








1 1 
Lot И е 1 
= 52)? -L2-—- 
2 2 242 
TE WE du i 
Example 3 Find the positive integer п so that lim 3 108. 
x33 Х- 
Solution We have 
: x" = 3" 
ин m = n(3y -! 
Therefore, n(3y-!2 108 = 4 (27) = 4(3)*-! 
Comparing, we get п= 4 


Example 4 Evaluate lim (secx — tan x) 
T 


Эл 
2 


TU 
Solution Put y = x x. Then y => 0 as х ә T Therefore 


lim (sec x — tan x) 
T 


xo 
2 


T T 
li —-— y)-tan(—-— 
ш [sec( 2 y)- tan б У)] 
= lim (соѕес y — cot y) 
y>0 


| 1 COS 
- lim ——- RUE 
y>0 siny siny 


! 1—со$ 
- lim = зу 
y>0 siny 
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1- 
2 sin? Ž since, sin e cU, 
i 2 
= lim 
0 : 
= 2sin 7 cos sin y=2sin cos 
= lim tan =0 


20 
2 


. sin(24 x) —sin(2— 
Example 5 Evaluate lim sin (2 + x) – sin(2 — x) 
x X 





Solution (1) We have 


,Qtxt2-3 sin (2+х-2+ х) 











: А 2со 
lim sin (2 + x) —sin(2 — x) — lim 2 
x0 X x0 X 
. 2cos2sin 
-Nut 25 
x0 X 


. Sinx . Sinx 
= 2cos2 lim——=2cos2 aslim 
x>0 x x>0 x 


=1 





Example 6 Find the derivative of f(x) = ax + b, where a and b are non-zero constants, 
by first principle. 


Solution By definition, 


ЕМЫ 








Го) = h=>0 h 
_ fig 207+ ЮВ ED) (шү . 
һ—0 h ho0 h 


Example 7 Find the derivative of f(x) = ax? + bx + c, where a, b and c are none-zero 
constant, by first principle. 


Solution By definition, 


КҮ, ыш 


һ—0 һ 





Ро) = 
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. bh ай *2axh 
ши їг гийг 
h0 
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2 2 
lim 20+ шин ax” —bx-c 
h0 





lim gh +2ax+b=b + 2ax 


Example 8 Find the derivative of f(x) = x°, by first principle. 


Solution By definition, 


Го) = 


Example 9 Find the derivative of f(x) = 


Solution By definition, 


Fœ = 


jg += FO) 


h0 


.o(x-hy-x 
lim ———————— 


h0 h 


‚+? +3хһ(х+ һ)—х? 
шп 
h>0 h 





lim (jp + 3x (x + А) = 32 


h0 


1 
F by first principle. 


ПОЕМЕ 


һ—0 һ 





| =h -1 
lim ————— _ — 
һэ0 h(x+h)x | х°` 


Example 10 Find the derivative of f(x) = sin x, by first principle. 


Solution By definition, 


Ро) = 


NEEDLE 
h—0 h 
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sin (x +h) —sinx 











I lim 
h0 h 
2c 2x+h h 
h0 2 E 
2 
sin — 
= limcos ( m lim 
h0 h0 h 
2 


= cos x.l = cos x 
Example 11 Find the derivative of f(x) = x", where n is positive integer, by first 
principle. 


Solution By definition, 


fGct h) f 


Fœ п 


(х+ А)" — x" 
Л 


Using Binomial theorem, we have (x + й)" = "Сх" + "C x=! h +... + "С" 


. (x+h) x” 
m — — —— 





Thus, f@= Чи Л 
п—1 п-1 
- lim (их Tech] — 
h0 h 


Example 12- Find the derivative of 2x* + x. 
Solution Let y = 2x! + x 


Differentiating both sides with respect to x, we get 
d 4, 4 

— = — (2x )+— (x 
T (2х) d (x) 


= 2x 4x! + 1x 
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Therefore, 


d 4 
— Qx* + 
Ж x) 
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8x +1 


&e + 1. 


Example 13 Find the derivative of x? cosx. 


Solution Let y 2 x? cosx 


Differentiating both sides with respect to x, we get 


a 
dx 


Long Answer Type 


d (x? cos x) 


dx 


x £ (cos x) + cos x < (х2) 


x? (— sinx) + cosx (2х) 


2x cosx = x? sinx 


2sin? x + sin x- 1 





Example 14 Evaluate lim 


Solution Note that 
2 sin x+sinx-l= 
2sin?x—3 sinx+1= 
2sin? x+sinx—1 


Therefore, lim — - - 
шош 2sin? x -3sin x +1 
6 





me b 
хэт 2sin x—3sinx+1 


(2 sin x - 1) (sin x + 1) 
(2 sin x - 1) (sin x - 1) 


(2sin x — 1) (sin x +1) 


зэл Qsinx —1) (sinx — 1) 
6 





. Sinx-4l 
lim 


хэт sinx —1 





(as 2 sinx — 1 #0) 


. X 
1+ sin— 

л 8-3 
8Ш---1 

6 
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tan x — sin 
Example 15 Evaluate а e 
x20 sin x 


Solution We have 








: sin x -1 
. tanx-sinx : COS X 
lim 5 шп 
х-э0 sin” x x0 SIn x 
: 1—cosx 

= lim 5 
х-0 cos x sin" X 

2X 

2sin? — 

2 1 





Jat2x— 
Example 16 Evaluate lim 


“Зх 
хэа |За + x — 24x 


\/а + 2x —A3x 
Solution We have lim ———————— a Y 
хэа Ba + x — 24x 





п NOt 22 = J3x „Уа + 2x + У3х 
хәа м Bax - 245 Ja + 2x + 3х 








aT 2x – Зх 


zn a Acree — 2x) (a 2x + 43x) 


_ эы (a — x) (Ba + x + 24x) 
= va (Javan + Vix) (Ba x — 2) N aa + We) 


T (a — x) За + x + 2J x 
= аа) За+ x— 4х) 
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aa 2 — s 


3x34Bg ^ a3 9 


cos ax — cos bx 





Example 17 Evaluate lim 
x0  С08СХ-1 


(a+b) хо (a — b)x 


























2sin 
Solution We have lim — 
x30 sin* cx 
gy BEER SN 
2 
2sin SEE В (a -bN x 
= lim = 28 Р 
ыг ~ sin? = 
2 
2 
= 4 
dn (a+b) x ES (a Б) x сх нэ 
-1 2 2 2 С 
= lim : : 
x0 (atb)x 2 (a-b)x 2 sin? © 
2 a+b 2 а—Ь 2 
а+Ь а-Ь 4 а?—Ь?° 
Р х х - 
2 2 с? c? 


(a+ h} sin (a + h) – à? sina 
h 





Example 18 Evaluate lim 
h0 


1 .— (a4 hy sin (a h) – a? sina 
Solution We have lim : 
п> 





_ lim (а? +? + 2ah) [sin a cos h + cosa sinh] — а? sina 
~ h-0 h 





. .aq^sina(cosh—1) a*cosasinh 
= lim[ + 
h0 h h 





+ (Л + 2a) (sina cos h + cosa sin Л)] 
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a^ sina (-2sin" E h a? cosa sinh 
lim tim 2 22 7 + lim (h+ 2a) sin (a + h) 
21-30 h 2 һ—0 Л л-э0 





2 


=a sinaxO0-ca cosa (1) + 2а sin a 
= а? со$ а + 2а ѕіп а. 


Example 19 Find the derivative of f(x) = tan (ax + b), by first principle. 


fGct h) - fx) 
h 





Solution We have f'(x) = lim 


li tan (a (x л) & b) - tan (ax + b) 
m 
л-э0 Л 





sin (ax + ah + b) Ш sin (ах + р) 
E cos (ax+ah+b)  cos(ax- b) 
h=>0 h 








im sin (ax + ah + b) cos (ax + b) — sin (ax + b) cos (ax + ah + b) 
h=>0 h cos (ax + b) cos (ax + ah + b) 





йй asin (ah) 
“ээд a- h cos (ax + b) cos (ax + ah + b) 





А а . sinah 
= іп im 
^20 cos (ax + b) cos (ax + ah + b) ah>0 ah 





[ash > 0 ah — 0] 


a 


=— VE 2 5). 
са (am а sec? (ax + b) 


Example 20 Find the derivative of f (x) = sin х, by first principle. 


Solution By definition, 


у = ig I8 9- FO) 


h0 
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- sin (x+ h) — vsin x 


h0 h 








T (sin (x+h) — sin x) ( Jsin (х h) + sin x) 
= lim 
h0 h (Asin (x +A) + Vsin x) 


sin (x + h) — sin x 





— lim 
h>0 h (sin (x+h)+ Мах) 








+h . h 
SI 


шиг - (/sin (x +h) + sin x) 


2 cos 








COS x 1 : 
= — = = —cotxewsIinx 
2 Asin x 2 








. 2 COS X 
Example 21 Find the derivative of 2224 
l+sinx 
: COS X 
Solution Let y = р 
' l+sinx 


Differentiating both sides with respects to x, we get 


dy d  cosx 
dx dx 1+sinx 





(1+ sin x) ч, (cos x) — cos x Са (1+ sin x) 
dx dx 





(L+ sin x)? 


(1+ sin x) (—sin x) — cosx (cos x) 
(1+ sin х)? 
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—sin x — sin? x — cos? x 
(1+ sin х)? 





— (1+ sin x) -1 


(1+ sin x ~ ]-sinx 





Objective Type Questions 


Choose the correct answer out of the four options given against each Example 22 to 28 
(M.C.Q.). 


Example22 int is equal to 
x20 х(1+ cos x) 


1 
(А) 0 (8) 2 (C) 1 (D) -1 


Solution (B) is the correct answer, we have 


2X X 
, 2sin — cos — 
sin x 2 





im ———— —— = lim 
x20 x(1+ cos x) 0 у, М2 x 
2 
tan 5 
1 5 1 
lim" = 
2x30 x 2 
2 
. l-sinx., 
Example23 lim ———— — is equal to 
хэл COSX 
7 
(A) 0 (B) -1 (C) 1 (D) does not exit 
Solution (A) is the correct answer, since 
1—sin T y 
— 81 . T 
li : e s dini 2 taking —— х= y 
“эл COSX y20 T 
COS 2 — y 
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ў 2sin* 7 
А — COS у lim 
— lm ———— - 
T 050 siny ^ "" 25іп cos% 
2 2 
А y 
= limtan= = 
кет ш 2 0 
ixl, 
Example 24 lim — is equal to 
x0 x 
(A) 1 (B) -1 (C) 0 (D) does not exists 


Solution (D) is the correct answer, since 


Ixl x 


В.Н.5 = lim —=—=1 
x>0 x x 
. dixil -x 
and LHS = lim —-—--1 


x0 x X 


Example 25 lim [x — 1] , where [.] is greatest integer function, is equal to 


(A) 1 (B) 2 (C) 0 (D) does not exists 


Solution (D) is the correct answer, since 


R.H.S = m [x-1]=0 


and LHS = lim [x-1]- -1 
xl 
М 
Example 26 lim xsin— is equals to 
x0 X 


(A) 0 (B) 1 (C) > (D) does not exist 


Solution (A) is the correct answer, since 


: . 1 
lim x=0 and -1 < sin— < 1, by Sandwitch Theorem, we have 
i X 
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А 21 
lim xsin— = 60 
x0 X 


1+2+3+..+п 











Example 27 lim Ег , ne N, is equal to 
А) 0 В) 1 С : р : 
(A) (B) О (бу 
‚ 1+2+3+..+п 
Solution (С) is the correct answer. As lim 2 
NU aca ju put ul 
T abe 2n? T x39 2 п 2 
, TV 
Example 28 If f(x) = x sinx, then f 2 is equal to 
1 
(А) 0 (B) 1 (QY M (0) 2 


Solution (В) is the correct answer. As f (x) = x cosx + sinx 





л T T 
Я = cos—+sin—=1 
So, f 2 2 2 


13.3 EXERCISE 


Short Answer Type 


Evaluate : 


х2 —9 "ул . Jx h - Ax 











li 
1. mf Ww 3. 2. 2х—1 3. lim n 
1 1 5 5 
3.53 6 _ 2. 2 
4. lim 5277277 Б, im te аа . lim (2+ х)? -(a*2) 
x0 х x31 (1+ x) -1 xa х-а 
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12. 


14. 


16. 


19. 


22. 


25. 


27: 


28. 
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T TU 

хэ, Жао 

. соёх-3 
шп 26. 


хэт cosecx — 2 


sin x — 2sin3x + sin 5x 











lim 
x0 x 
.М-1 , L-k 
If lim = im 5 = 
x х=] xk x k 





“ох-0 2x t tan3x 











. xt -x : x^-4 
lim 8 lim 
Зэ! Ax -1 |o ,/3х—2—\/х+2 
lim х -4 im 23741 
Co? x? 342x – 8 А сав. Je 
х? +27 _ 8x-3 4х2+1 
im тетт) 13. шп Em. 
хэ-3 x" + 243 1 2x-1 4x^-1 
2 
| | i n. n 
Find ‘n’, if lim -80,нє N 15. 
x32 x—2 
. sin?2x . l-cos2x 
lim —— 17. lim — 4/&- 18. 
x0 sin^ 4х x20 x 
. l-cosmx . afl—cos6x 
n m 20, En jv “М, 
x30 ] — cos nx хэЗ 2 T wd 
3 
Е 43 ѕіп х — cosx sin2x + 3x 


J2 – Л + cosx 


lim — 
sin^ x 


x0 


then find the value of К. 


24. 


lim 1+ x -41- x 





x0 x? 
. Sin3x 
lim ——— 
xa Sin 7x 
. 2sinx-sin2x 
lim Э — 
x0 X 
. sinx—cosx 
lim —————— 
cim 
4 X7 
4 
sin x — sina 


lim 


Pe eae 


Differentiate each of the functions w. r. to x in Exercises 29 to 42. 


29. 


4 3 2 
x +x +x +1 
— 30. 


X 


3 


1 
xt— 
X 


31. (3x + 5) (1 + tanx) 
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32 І БИ с кеша 
. (sec x — 1) (sec x + 1) 33. 5€ 7x49 PE 

x cos 
35. EN. 36. (ax? + cotx) (p + q cosx) 

sinx 

a+bsinx | р | Я 

37, Ээ 38. (sin x + cosx) 39. (2x – TY (3x + 5) 
1 
40. x? sinx + cos2x 41. sin?x cos*x 42. — — 
ах” t bxc 


Long Answer Type 
Differentiate each of the functions with respect to *x' in Exercises 43 to 46 using first 
principle. 

ах+Ь 

cxt d e х 





эм» 


43. cos (x7 + 1) 44. 


46. х со8х 


Evaluate each of the following limits in Exercises 47 to 53. 





as don (x  y)sec(x + y) - xsecx 


y30 y 


(ѕіп(о + B) x + ѕіп(о — B)x + sin 20 x) T 











lim 

48. >50 cos 2px — cos 20x 
: 1- sin? 
. tan х – tanx li 

49. lim Ҹ x 50. um x X lx 

цагт cos x47 05 ur M^: 

. Ix—-4l | 
51. Show that lim does not exists 
x34 x—4 
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52. 


53, 


Objective Type Questions 
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k cosx 





tiros “= 


3 


find the value of К. 


х+2 


Let f(x) = с? 


Nia 


‚па ‘c’ if lim f) exists. 


and if lim s=., 


Choose the correct answer out of 4 options given against each Exercise 54 to 76 
(М.С.О). 


54. 


55. 


56. 


57. 


58. 





. sinx 
lim 
хэт Х-Т, 


(A) 1 


18 


. x’ cosx | 
lim 1S 
x30]—cosx 





(A) 2 


. d+x)"-1. 
lim ——— — — is 





x0 X 

(A) n 

lim — A 

х-э1 x" Nj, 

(A) 1 
1—cos40 . 


x20 |] — cos 60 m 


s|3 


(D) -2 


(D) 1 


(D) 0 


ший 
(D) = 
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60. 


61. 


62. 


63. 


64. 


65. 
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A à B 5 С = р)-1 
(A) g (B) 5 © z D) - 
.. cosecx — cot x 
lim — — — —— is 
x0 X 
A z B) 1 C 3 D) 1 
(A) 5 (B) © 5 (D) 
lim sin x | 
x9 dx -1-4l-x " 
(A) 2 (B) 0 (C) 1 (D) -1 
sec? x- 2 | 
uos 18 
хэл tanx-1 
4 
(A) 3 (B) 1 (C) 0 (D) 42 
-1)(2х-3 
tim © | )Qx-3) . 
хә! ЭХО ЭЭ 
А Ёл B x C) 1 D) N f th 
(А) то (B) ig (C) (D) None of these 
sin[x] [x] 0 
(х= [Хх] ‚ where [.] denotes the greatest integer function , 
0 ,[xJ=0 
then limi ТОО is equal to 
(A) 1 (В) 0 (C) -1 (D) None of these 
Isinxl . 
is 
x0 X 
(A) 1 (B) -1 (C) does not exist(D) None of these 
x -L0<x<2 
Let f(x) = the quadratic equation whose roots are lim 709 and 


2x 13,2€ x«3' 


lim SO is 
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66. 


67. 


68. 


69. 


70. 


71. 
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(A) 22-6х+9=0 
(С) х2 14х+49=0 











(В) х2-7х+8=0 
(D) 21е йй =й 





. tan2x-x 
lim- — —— is 
x20 3x — sin x 
A) 2 В) = o р) + 
(A) (B) 5 Ca (D) 4 
;1 
Let (х) = х ~ [x]; € R, then f 2 15 
3 
(А) 2 (B) 1 (С) 0 (D) -1 
1 dy . 
у= Vx +- then 2 at x = 118 
1 
(A) 1 (В) 2 (С) 7 (D) 0 
x-4 ‚М, 
If f (x)- rx , then / (1) is 
A 2 B Ы С) 1 D) 0 
(А) i (B) ч © (D) 
1 
If y 228 th pag 
= , then is 
1- dx 
х 
-4х -4х 1—х° 4х 
(No uy ® By (Qu (D 
sin x + cosx dy 
lf Y--: , then at x = O is 
sin x —cosx dx 
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74. 


75. 


76. 
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1 

(A) -2 (B) 0 (C) 2 (D) does not exist 

in(x + 9 d 
If жы" Шеп = at x = O is 

COS X dx 
(A) cos 9 (B) sin9 (C) 0 (D) 1 
2 100 

= 1+x+—+...4+— 11 
If f (x) х 2 100” then f’(1) is equal to 

1 
(А) 100 (В) 100 (C) does not exist (D) 0 

x" 2 п 
If ДО) = x for some constant ‘a’, then f'(a) is 
1 

(A) 1 (B) 0 (C) does not exist (D) 2 
If f (x) = xt + x? +... +x + 1, then f (1) is equal to 
(A) 5050 (B) 5049 (C) 5051 (D) 50051 
If f(x) 2 1 x c x3— x9 ..7— x? + x then f'(1) is eugal to 
(A) 150 (B) —50 (C) -150 (D) 50 


Fill in the blanks in Exercises 77 to 80. 


77. 


78. 


79. 


80. 


tan x : 
If f(x) = ==, then lim f(x) = 


: . x 
lim sinmxcot—— =2, then m = 


x0 4/3 


if OQ CREAN h 228 
LYN a ae тар соливол цэн 
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